We study the nonreciprocal transmission of a single-photon in a cavity optomechanical system, in which the cavity supports a clockwise and a counter-clockwise circulating optical modes, the mechanical resonator (MR) is excited by a weak coherent driving, and the signal photon is made up of a sequence of pulses with exactly one photon per pulse. We find that, if the input state is a single-photon state, it is insufficient to study the nonreciprocity only from the perspective of the transmission spectrums, since the frequencies where the nonreciprocity happens are far away from the peak frequency of the single-photon. So we show the nonreciprocal transmission behavior by comparing the spectrums of the input and output fields. In our system, we can achieve a transformation of the signal transmission from unidirectional isolation to unidirectional amplification in the single-photon level by changing the amplitude of the weak coherent driving. The effects of the mechanical thermal noise on the single-photon nonreciprocal transmission are also discussed.
I. INTRODUCTION
Nonreciprocal optical transmission has attracted more and more attention for its important potential applications in quantum information processing and quantum networks [1] . In the nonreciprocal optical devices, e.g., isolator, circulator, nonreciprocal phase shifter, unidirectional amplifier, the transmission of the information is not symmetric. Conventionally, the nonreciprocal transmission can be achieved by using the Faraday rotation effect in the magneto-optical crystals [2] [3] [4] [5] [6] [7] . However, this scheme requires large magnetic fields, and thus make it difficult to realize miniaturization and integration. In order to solve this problem, a number of schemes have been proposed to break the reciprocity without the use of magneto-optical effects. For example, one has proposed strategies that are based on the optical nonlinearity [8] , the spatial-symmetry-breaking structures [9] [10] [11] [12] , the indirect interband photonic transitions [13] [14] [15] [16] [17] [18] [19] , the optoacoustic effects [20, 21] , the parity-time-symmetric structures [22] [23] [24] [25] , and so on [26, 27] .
Recently, efforts have also been made to investigate the optical nonreciprocity in cavity optomechanical systems [28, 29] . Manipatruni et al. demonstrated that the optical nonreciprocal effect was based on the momentum difference between the forward and backward-moving light beams in a Fabry-Perot cavity with one moveable mirror [30] . Subsequently, Hafezi et al. proposed a scheme to achieve the nonreciprocal transmission in a microring resonator by using a unidirectional optical pump [31] . More recently, many theoretical works aiming at achieving the circulator [32] , the nonreciprocal quantum-state * Electronic address: yuyafei@m.scnu.edu.cn † Electronic address: zhangzhiming@m.scnu.edu.cn conversion [33] , and the unidirectional optical amplifier [34] have been proposed in various of cavity optomechanical systems. However, it is still a challenge to achieve the nonreciprocal transmission in the single-photon or few-photon level. At present, only a few works towards this target have been reported [31, 35, 36] .
In this paper, we study the nonreciprocal transmission of a single-photon in a cavity optomechanical system, as shown in Fig. 1 , in which the cavity supports a clockwise and a counter-clockwise circulating optical modes, the mechanical resonator (MR) is excited by a weak coherent driving, and the signal photon is made up of a sequence of pulses with exactly one photon per pulse. We show that, it is insufficient to discuss the nonreciprocity from the perspective of the transmission spectrums when we consider a single-photon state as the input state, since the frequencies where the nonreciprocity happens are far away from the peak frequency of the single-photon. We will show the nonreciprocal transmission of the singlephoton by comparing the spectrums of the input and output fields. In our system, we can achieve the unidirectional isolation and unidirectional amplification of the signal in the single-photon level. Essentially, this two kind of transmission behaviors are both caused by the unidirectional optical pump, and the switch from the isolation to the amplification depends on the amplitude of the weak coherent driving. This paper is organized as follows. In Section II we introduce the theoretical model, calculate the Langevin equations, derive the expressions of the transmission spectrums and the spectrums of the output fields. In Section III, we analyze the cause and condition of the unidirectional isolation of the signal in the single-photon level by comparing the spectrums of the input and output fields. Next in Section IV, we use the same method to discuss the cause and condition of the unidirectional amplification of the signal. In Section V, we consider the affect of the mechanical noise on the nonreciprocal transmission, the experimental feasibility of our system is also discussed in this section. Finally, we provide a brief summary.
II. MODEL AND HAMILTONIAN
Our proposed scheme is shown in Fig. 1 . A clockwise and a counter-clockwise circulating cavity fields couple with the mechanical resonator via radiation pressure. A strong coupling field ε p = 2P κ/( ω p ) with frequency ω p are injected from the left, in which P denotes its power. The MR is excited by a weak coherent driving with amplitude ε d and frequency ω d , this driving can be realized by, e.g., parametertically modulating the spring constant of the MR at twice that MR's resonance frequency [37] [38] [39] [40] . The total Hamiltonian of the system can be expressed as ( = 1)
where H coms describes the Hamiltonian of the cavity optomechanical system,â L (â R ) andb are the annihilation operators of the clockwise (counter clockwise) circulating mode and the mechanical mode with frequency ω c and ω m , respectively, g 0 is the optomechanical coupling strength between the cavity field modes and the mechanical mode. H pump is the interaction Hamiltonian between the strong coupling field and the clockwise circulating mode. H driv is the interaction Hamiltonian between the weak coherent driving and the MR. H scat represents a coherent scatting of strength J between the two cavity modes, which is associated with the bulk or imperfect reflection of the cavity. In the rotation frame with
where ∆ c = ω c − ω p is the frequency detuning between the cavity field and the coupling field. The system dynamics is fully described by the set of quantum Langevin equations
where the cavity has the damping rate κ t = κ in +κ, which are assumed to be due to the intrinsic photon loss and external coupling dissipation, respectively. The mechanical mode has the damping rate γ with the mechanical input
in (ω) = (n th + 1)δ(Ω + ω) in the frequency domain, where n th is the thermal phonon occupation number at a finite temperature.â L,in andâ R,in are the operators of the input fields from the left and right, respectively. We consider the case in which the input field is made up of a sequence of pulses with exactly one photon per pulse. The input field is centered near the cavity frequency with a finite bandwidth, its spectrum is given by [41, 42] 
, and we assume that the decay rate of the single-photon Γ = κ. The correlation functions of the input operators in the frequency domain are (see the appendix)
Equations (7)- (9) can be solved by using the perturbation method in the limit of a strong coupling field ε p , while taking the driving field ε d to be weak. We make a transformationsâ k →â k + α k (k = L, R), andb →b + β for all the interaction modes, then we can obtain the steady state value equations
We assume that the system works near the red sideband (∆ c = ω m ), since the optomechanical coupling strength g 0 and the coherent scatting strength J are both very weak. For a strong coupling field ε p , we can obtain α L ≫ α R and β ≃ 0 from the steady state equations. Next, we can write out the linearized Hamiltonian of the system
where
, we will assume that ∆ ′ ≈ ∆ c in the following calculation. In the rotation frame with
In addition, using the rotating-wave approximation, we have omitted the high-frequency oscillation terms, such asâ
T in terms of the operators of the system modes. By substituting v(t) and H ′ l into the quantum Langevin equation, we can obtain
T , and
Without loss of generality, we take G k as a real number in the following calculation. The system is stable only if the real parts of all the eigenvalues of matrix M are negative. The stability conditions can be explicitly given by using the Routh-Hurwitz criterion [43] [44] [45] . However, they are too verbose to be given here, and we make sure the stability conditions are fulfilled in the system with our used parameters. By introducing the Fourier transform of the operatorŝ
where o = a L , a R , b, we can solve the linearized quantum Langevin equations (17) in the frequency domain
As a consequence of boundary conditions, the relation among the input, internal, and output fields is given as [46] 
From Eq. (21) and Eq. (22), we can write the operators of the output fields aŝ
T , in which the concrete form of the coefficients f L (ω) and f R (ω) are tediously long, we will not write out here.
The spectrums of the output fields are defined by
By substituting the expressions ofâ R,out (ω) and a L,out (ω) into Eq. (24), and using the correlation functions, one can obtain
R, L, j = 1, 2, 3, 4, 5, 6). We can see that the spectrum of the output fields S L,out (ω) and S R,out (ω) both contain six components. For S R,out (ω), F R 1 and F R 2 represent the scattering probability of the input fields S L,in (ω) and S R,in (ω), respectively. F R 3 is the scattering probability of the mechanical thermal noise. F R 4 , F R 5 , and F R 6 denote the scattering probability of the vacuum fluctuations of their corresponding input fields.
In this paper, the parameters used are ω m = 25 MHz and γ = 100 Hz (quality factor Q m = 2.5 × 10 5 ). The damping rate of the optical cavity κ = 1 MHz, g 0 = 1 kHz, and the enhanced optomechanical coupling strength G L = 16 MHz. The other parameters are G R = 1 kHz, J = 10 kHz, κ in = 1 MHz.
III. UNIDIRECTIONAL ISOLATION OF THE SIGNAL IN THE SINGLE-PHOTON LEVEL
In this section, we numerically evaluate the scattering probabilities and the spectrums of the input-output fields to show the possibility of achieving the unidirectional isolation of the signal in the single-photon level. It should be pointed out that, we have plotted the spectrums of all the scattering probabilities F
, and found that in the range of the parameters we considered (ε d /κ = 6 × 10 −5 ), the scattering probabilities have following order of magnitude:
. In the single-photon level, the peak value of the spectrum of the input field S k,in (ω) ∼ 10 −7 . Hence the spectrums of the output fields can be reduced to (27) and we have assumed that the thermal phonon occupation number n th = 0.
As shown in Fig. 2(a) , we plot the spectrums of the scattering probabilities F frequency ω d . We can see that the transmission of the left-going mode is simply that of a bare resonator, while the transmission of the right-going mode is modified by the presence of the MR, the effective optomechanical coupling G L will lead to a normal mode splitting [47, 48] in the strong coupling regime. With the presence of the weak coherent driving, the effective frequency of the mechanical mode becomes ∆ m = ω m − ω d /2. The above features will result in a unidirectional isolation between the left-going mode and right-going mode at three posi-
1. When we increase ω d , the effective frequency ∆ m will decrease, and the curves will integrally move to the left.
To see the nonreciprocal transmission from the perspective of the spectrums of the output fields, we should also consider the spectrum of the input field. In Fig.  3 , we plot the spectrum of the input field S k,in (ω) as a comparison with the spectrums of the output fields. In Fig. 3(a) , we use the same parameters as that in Fig.  2(a) . It can be seen that, the non-reciprocity will indeed emerge at ω −ω c = ∆ m and ω −ω c = ∆ m ± G L . However, 
−4 (purple dotdashed line), the other parameters are the same as in Fig. 2(d) .
these points are all far away from the peak frequency of the input field, the values of S k,in (ω) at these points are too small. The spectrums of the output fields S I L,out (ω), S I R,out (ω) and the input field S k,in (ω) are almost coincide, and the nonreciprocity in this case can be ignored. By adjusting the driving frequency ω d , we can move the frequency where the non-reciprocity happens to the peak frequency of the single-photon. As shown in Fig. 3(b) , we use the same parameters as that in Fig. 2(d) . It can be seen that, at ω − ω c = 0, S I L,out (ω) = 0, S I R,out (ω) = S k,in (ω). In this case, the nonreciprocity is very obvious. The signal can transmit from the right to the left, but can not transmit in the opposite direction. In this case, our system can act as a unidirectional isolator in the single-photon level.
IV. UNIDIRECTIONAL AMPLIFICATION OF THE SIGNAL IN THE SINGLE-PHOTON LEVEL
A previous work [40] has suggested that, such a weak coherent driving can induce a remarkable enhancement of the output fields. In this section, we will numerically evaluate the scattering probabilities and the spectrums of the input and output fields to show the possibility of achieving the unidirectional amplification of the signal in the single-photon level. Likewise, we have also plotted the spectrums of all the scattering probabilities F
. We find that, in the range of the parameters we considered (1 × 10
−4 ), the scattering probabilities have the order of magnitude: 
10
−7 . Hence the spectrums of the output fields can be reduced to
in which we have assumed that the thermal phonon occupation number n th = 0.
Since the amplitude of the weak coherent driving is very weak, we find that the scattering probabilities F L 1 and F R 2 are almost unchanged with the increase of ε d . However, the weak coherent driving will induced a remarkable amplification on the scattering probabilities F L 4 , as shown in Fig. 4 , with the increase of ε d , at ω − ω c = 0, F L 4 will gradually increase. This feature can be used to achieve the unidirectional amplification of the signal in the single-photon level.
From the perspective of the spectrums of the output fields, as shown in Fig. 5 , with the increase of the driving amplitude ε d , the value of the spectrum of the output field S A L,out (ω) at ω − ω c = 0 will increase, and the nonreciprocity will be weaken. When ε d reaches a certain threshold (ε d /κ = 5.5 × 10 −4 ), the nonreciprocity will almost disappear, i.e., S
Furthermore, if we continue to increase the driving amplitude ε d , the system will reveal a nonreciprocal amplification phenomenon as shown in Fig. 5(c) , the signal transmitted from left to right can be amplified (S A R,out (ω) > S k,in (ω) at ω − ω c = 0), while the signal transmitted from right to left cannot be amplified (S A L,out (ω) ≈ S k,in (ω) at ω − ω c = 0). In this case, our system can act as a unidirectional amplifier in the single-photon level.
V. DISCUSSION AND CONCLUSION
Now we consider the effects of the mechanical thermal noise on the unidirectional isolator and amplifier. When the thermal phonon occupation number n th = 0, the spectrums of the output fields become 
If the influence of the mechanical thermal noise can be neglected, we should ensure F −7 . Hence we should guarantee the thermal phonon occupation number n th < n thres ∼ 10 −4 , i.e., the mechanical resonator should be cooled near its quantum ground state. However, if we choose a single-photon whose spectrum is narrower than the linewidth of the cavity, the threshold n thres can be improved. For example, if we choose Γ = 0.005κ, S k,in (ω) can reach the order of magnitude 10 −5 , and n thres will be increased to 10 −2 . In addition, we can also increase the threshold n thres by improving the quality factor of the MR, when Q m ∼ 10 8 , F L 3 will be reduced to 10 −7 , if S k,in (ω) ∼ 10 −7 , n thres can reach the order of magnitude 10 −1 .
In summary, we have studied the single-photon nonreciprocal transmission in a cavity optomechanical system, in which the mechanical resonator is exciting by a weak coherent driving. We have shown that, if the input state is a single-photon state, it is insufficient to study the nonreciprocity only from the perspective of the transmission spectrums. Our scheme can be used as a unidirectional isolator or amplifier in the single-photon level. Our proposed model might eventually provide the basis for the applications on quantum information processing or quantum networks.
